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. INTRODUCTION AND STATEMENT OF RESULTS

.1. A graph T is always meant to be without loops and without multiple
dges. Often, we shall abuse terminology and refer to T as the vertex set
f the graph T'. Thus x € T means that x is a vertex of I'. Moreover F(x) de-
otes the set of vertices of T' adjacent to x. For x, y € ', write X T or
ust x+ if T is clear from the context, for the set {x} U T (x), and write
¢ Ly y (or just x 1 y) to denote y € x F. The tuple (P,1) of a set P and a
)inary symmetric and reflexive relation 1 will be called a looped graph.

,LF) is the looped graph of T. Any looped graph is of course, the 1doped
;raph of a uniquely determined graph. For x,y € I', denote by d (x,y) (or
just d(x,y) whenever no confusion arises) the ordinary dlstance in T.

For X a subset . of T, put xt =n xf. Moreover, if y € P, let d(y,X) =

xeX

nf_ _d(y,x). Instead of ye xt , we shall also write y L X. An incidence sys-—

,emxig,L) is a set P of points and a collection L of subsets of P of cardi-
:ality at least two, called lines. If (P,L) is an incidence system, then the
oint graph or collinearity graph of (P,L) is the graph whose looped graph
s (P,L), where L denotes collinearity in (P,L). The incidence system is
:alled connected whenever its collinearity graph is connected. Likewise
:erms such as (co-) cliques, paths will be applied freely to (P,L) when in
‘act they are meant for its collinearity graph.

A subset X of P is called a subspace of (P,L) whenever each point of P on
1 line bearing two distinct points of X is itself in X. A subspace X is cal-
led singular whenever it induces a clique in (P,L). The length i of a longest

0z"1=
‘he rank of the 51ngu1ar subspace X and denoted by rk (X). The singular

*hain X, ¢ X -...CZX = X of nonempty singular subspaces X, of X is called
i

rank of (P,L) is the maximal number s (possibly «) for which a singular sub-
space of (P,L) of rank s can be found. If this number is finite, then (P,L)
is said to be of finice singular rank. For a subset X of P, the subspace ge-
lerated by X is written <X>. Instead of <X> we also write <x,Y> if X= {xhu¥,
and so on. If F is a family of subsets of P and X is a subset of P, then
F(X) denotes the family of members of F contained in X, while FX stands for
the family of members of F containing X. If X = {x} for come x € P, we often
vrite Fx instead of F{x}' Furthermore, if H is another family of subsets of

P, then we set




F(H) = {F(H)|HeH} and FH = {FH|H€H}.

e incidence system (P,L) is called linear if any two distinct points are
at most one line. In this case, for a pair x,y of collinear points, Xy
presents this line; thus xy = <x,y>. A line is called thick. if there are
least three points on it, otherwise it is called thin. A path X 5%

greeesXy

points (i.e., x.€x.t for i=1,..,d-1) will be called a geodesic whenever

x],xd) =d. A suéspiié X of P will be called geodesically closed, if the
ints of any geodesic whose endpoints belong to X are all contained in. X.
the incidence system (P,L) satisfies pt = @, it is called nondegenerate,
call from [4] that (P,l) is a polar space if IXLHLI# 1 implies L & x for
y x € Pand L € L. Polar spaces are linear incidence systems, and maximal
ngular subspaces exist within polar spaces. The rank of a polar space

,L) is the number k such that k-1 is the singular rank of (P,L). A gene-

lized quadrangle is a polar space of rank 2,

2. We shall now discuss the axioms for incidence systems (P,L) with which

shall be concerned.
1) If xe Pand L € L with [xlnL[ > 1, then x 1 L.
is means that (P,L) is a Gamma space (in D.G. Higman's terminology). Note

1) implies that Xt is a subspace for any subset X of P.

MA 1 (seel9]). Let (P,L) be a Gamma space. Then
) For any clique X of P, the subspace <X> 18 singular.

L) Maximal cliques of P are maximal singular subspaces.

Any singular subspace of a Gamma space is contained in a maximal sin-
lar subspace. The collection of all maximal singular subspaces of (P, L)

L1 be denoted by M.

fe are two more axioms:
. i . 1
2) The graph induced on {x,y}” is not a clique whenever x € P and yex .

3)  If x,y € P with d(x,y) = 2 and l{x,y}ll > 1, then {x,y}'L is a nonde-

generate polar space of rank at least 2.

incidence system satisfying (F1), (F2), (F3) will be called a. parapolar




space if it is connected and all its lines are thick. A pair of points x,y

of P with d(x,y) = 2 is called symplectic if |{x,y}l > 2 and special other-
wise. If x,y is a symplectic pair, there exists a unique geodesically closed
‘subspace S(x,y) of P which is isomorphic to a polar space (cf [2], [9]) as
we shall see in Proposition 1 below. This explains the importance of sym—
plectic pairs in parapolar spaces. Their existence is guaranteed by axiom

(F3).

The following three axioms are special instances of- (F3). Let I be a

set of natural numbers =2,

(F3)I if x,y € P with d(x,y) = 2, then {x,y}l is either a single point or

a nondegenerate polar space of rank a member of I.

(P3) If x,y € P with d(x,y)

]

2, then;{x,y}'L is a nondegenerate polar

space of rank at least 2.

(P3)I If x,y € P with d(x,y) 2, then {x,y}'L is a nondegenerate polar

]

space of rank a member of I.

Note that (P3)I is stronger than any of (P3) and (F3)I. If T = {k}, we
shall write (P3)k rather than (P3){k}'

For the characterizations we have in mind, we need two more axioms for (P,L).

(F&4) If x,y is a symplectic pair in P and L is a line on y with x nL = B,

1 . . . . . . L
then xlrrL. is either a point or a maximal clique in {x,y} .

(P4) If x,y is a symplectic pair in P and L is a line on y with x*n L= 9,

L L. . . . .
then x~ n L™ is either empty or a maximal clique in {x,y}l.

We now describe how the incidence systems to be characterized are ob-
tained from buildings.
Let,An denote a Coxeter diagram of spherical type (see [12]) labelled as in
Table 1. The subscript n is the number of nodes of the diagram and often re-
ferred to as the rank of the diagram. Set In = {1,2,...,n}. It is the set

of labels of the nodes of An.

1.3 We reword the notion of geometry of type An from Tits [13], First, a geo-

metry over (an index set) I of cardinality n is an n-partite looped graph




,*) with parts Fi for 1 € I (some of which may be empty). The map t: I'>I
termined by x € Fr(x) for x € T, is called the typemap of T and 1(X) for
an element or subset of I', the type of X. The number n is called the rank
. A flag of a geometry T over I is a clique of T'. Two flags are said to
incident if their union is a flag. The rank (corank) of a flag X is

| (n=|X|resp.)
Table 1

COXETER DIAGRAMS OF SPHERICAL TYPE WITH RANK n = 3,

A diagram

r a geometry I' we shall often write * rather than Lp. Furthermore, we

all refer to two elements Y ,§ of T as being incident rather than as being
jacent or equal whenever vy x § hols. (This implies that the notions of
¢idence for Y,8 and for {v},{8} are equivalent). Let X be a flag of I'. Then
e subgraph of T induced on Y = X*\X considered as a geometry over I\T(X),
called the resizdue of X Zn I' and denoted by Tye
geometry over I is called comnected when T' is connected and nenempty and it




is called residually connected if the residue of every flag of corank >2 is
connected and the residue of every flag of corank 1 is nonempty. In a resi-
dually connected geometry I' over I of rank n any flag is contained in a max—

imal flag (of rank n) and T is nonempty for each i ¢ I.

Let m be a natural number >2 . A geometry I' of rank 2 is called a general-
zzed m-gon if T has diameter 2 and girth 2m and if every vertex of T is in
at least two edges. If (P,L) is a projective plane, then putting I'. = P and

1
FZ = L and letting adjacency in I' = T uT, stand for incidence in (P,L), we

obtain a generalized 3-gon. Similary: a};ondegenerate generalized quadran-—
gle leads to a generalized 4-gon. The converse construction is also ﬁossi—
ble.

Consider a Coxeter diagram An. For any two labels i,j € In let m (i, j) be
the label of the bond between the nodes labelled i and j. Thus m(i,j) = 2
if i,j are not adjacent, m(i,j) = 3 if they are joined by a single bond,
m(i,j) = 4 if they are joined by a double bond, and m(i,j) = 6 when joined
by a triple bond.

A geometry of type An is defined to be a residually connected geometry over
In such that for any two distinct i,j € In the residue of any flag of type
In\ {i,j}is a generalized m(i,j) - gon. If X is a flag of T and Al is the
subdiagram of An whose nodes are the members of In\ T(X), then FX 1s said
to be a residue of type al.
Let T be a geometry over I and let J be a subset of I. For any flag X of T
the set T_](J) n X' is called the J-shadow of X and denoted by ShJ(X). The
incidence system of type An,J (associated with the geoT?try I' of type An)

is defined to be the incidence system (P,L) where P=1 " (J) and

L= {ShJ(X)| X is a flag of type I\J}. If J = {j}, we write Shj(X).Fbr x el,
the expression Shj(x) often replaces Shj({x}). The type An,j will sometimes
be referred to as punctured Coxeter diagram. A geometry Tof type An is said
to be a burlding of type A if for any two vertices x,y of T azd any 1 € I
with Shi(x) n Shi(y) # @, there is a flag X contained in {x,y} such that
Shi(x) n Shi(y) = Shi(X). We note that this defition is justified by corol-
lary 6 of [13] which states that the buildings as defined above coincide
with buildings as defined in [13] and with the weak buildings as (original-

ly) defined in [12], Buildings in which every flag of corank 1 is contained

in at least three maximal flags will be referred to:as thick buildings




:hese are the buildings of [12]).

1e present notion of building is presented in a way strongly influenced by
iekenhout (cf.[1]1,[14]). In fact, a geometry of type B is a kind of 'dia-
am geometry', while buildings are geometries satisfying an 'intersection
‘operty’.

le isomorphism classes of thick buildings of type An(nZ 3) are parametrized
' the isomorphism classes of skew fields, the isomorphism classes of thick
1ildings of type Dn(nza), En(n=6,7,8) by isomorphism classes of fields (cf.
.ts [12]). For a skew field K (a field K) we shall denote by An(K) (Dn(K),
l(K) respectively) the unique thick building (up to isomorphism) of type

1 (Dn’En respectively) parametrized by K, i.e. the unique thick building

. the given type all of whose residues of type A2 are isomorphic to the in-
.dence structure AZ(K) of the projectivg plane defined over K. Thus, for -
tample, An(K) for a skew field K, may be viewed as the n-partite graph

lose vertex set is the collection of all nonempty proper subspaces of the
'ojective space PG(n,k) of rank n over K and in which two distinct sub-
)aces are incident whenever one of them is contained in the other. The ele-
nts of Ah(K) whose type is i correspond to the subspaces of rank i-1 of
‘(n,K). Tits [13] has observed that in fact these examples and their 'joins'
‘e essentially the only geometries of type An for n>3. He also observed

at this need not be the case for geometries of arbitrary spherical type.

4 We are now in a position to define the spaces of particular interest to

r goals. Let An be a Dynkin diagram (of Figure 1) and let J be a subset

In. An incidence system of type An associated with a thick building of

J

9

pe A is called a Lie incidence system of type A g
5

r An = An(Dn,En), K a (skew) field, and J a subset of In’ we let An J(K)

b

and for the incidence system (unique up to isomorphism) of type An as-

J
b
ciated with the building An(K). Again, for j € In, we replace An 3 by
5
,J(K) by An,

nce system (P,L) whose points are the subspaces of PG(n,K) of rank j-1 and

., and A .(K). Thus, A_ .(K) may be identified with the inci-
s ] n J n,]
ose lines are the sets of all members of P containing a subspace X of rank j-2 and
ntained ina subspace Y of rank j, where XcY. In particular, An 1(K) =PG(n,K).
]
t us briefly sketch the connection with groups of Lie type. Suppose G is

group of Lie type whose Lie rank n is at least 3. Then G admits a socalled




B,N —pair associated with a Coxeter diagram An. For definitions and a full
account, the reader is (again) referred to the celebrated work [12]. Write
[ = In' There is a 1-1 correspondence between the subsets J of I and the
subgroups PJ of G containing B such that if J < K¢ I, then PJ.S PK' Thus,
P¢ = B and PI = G. For J a proper subset of I, let P = G/PJ and

L = {{aPJ|aPanPrMI#¢}Ibe:G}. Then (P,L) is a Lie incidence system of type

ﬁn,I\J associated with the building T of type An’ where T is the geometry

vith T. = G/P ., for i € I in which incidence between aP_ and bP, for
i I\ {i} K

a,b € Gand J,Kc I is defined by aPJ

stems from the fact that the converse is true for thick buildings: If An is

J
n bPy # @. The importance of buildings

a Dynkin diagram of rank at least 3, then for any thick building T of type
An there is a group G of Lie type consisting of automorphisms of T admitting
a B,N -pair such that the geometry derivéd from G as described in the pre-
ceding paragraph coincides with I'. Tits' work [12] is mainly devoted to
proving this result,

The results of Buekenhout-Shult [4], Veldkamp and Tits [12] together, yield
that nondegenerate polar spaces of finite rank at least 3 whose lines are

thick are Lie incidence systems of type Dn or C_ .. Here, D may be left

5 1 n,l n,l

>ut, as any building T of type Dn I gives rise to a building Cn 1 in such
3 H

away that an incidence system of type Dn I associated withT is also a Lie
3

incidence system of type Cn 1 (n23). For, given a building T of type Dn de-

fine I''as the unionwaIg’for i =1,2,...,n, where F; =T, for i=1,...,n-2,
F;_l is the collection of flags of T of type {n-1,n}, and Fé =T _; U Tqe
Let 1' be the type map T' ~ In corresponding to the given partition of T'
and let x,y be incident in I'' whenever t'(x) # 7'(y) and x 1 r Y- Then T'

is a building of type Cn (which is not thick:) such that any incidence
system of type Dn 1 associated with T is an incidence system associated with

r' ’

1.5 Theorems characterizing Lie incidence systems appear in Buekenhout [3],
Cameron [5], Cohen [6], Cooperstein [9] and Tallini [11]. The main goal of
this paper is to extend this work by the following two theorems. To state
the first theorem, however we need the notion of quotient for incidence

systems.




FINITION. If G is a group of automorphisms of amn incidence system (P,L) such
hat L ¢ «° for any x € P and L € L then the incidence system (P,L)/G =
/G, L/G) whose points are the orbits of G in P and whose lines are the col-

ctions of orbits contained in U c L® for L « L, is called the quotient of

geG
,L) by G.

EOREM 1. Let k22 and let (P,L) be a parapolar space of finite singular
nk s. Then (P,L) satisfies (P3)k and (P4) Zf and only if one <f one of the
llowing statements holds:

) k=s and (P,L) is a nondegenerate polar space of rank k+ 1 with thick

Lines.

ia) k=2, s=3, there s a natural number n(4<n<2s-1) and a skew field K
such that (P,L) = A d(K), where d = n-s+l.
9

I

ib) k=2, s> 5 and there is an (infinite) skew field K such that
(p,L) = Aoy S(K)/<o>, where o is an involutory automorphism of
b
Ay S(K) induced by a polarity of the projective space PG(2s-1,K) of

Witt-index < s-5.

ii) k=3, s24, there is a field K and there are families S and D, respec-—
tively, of subspaces of (P,L) whose members are geodesically closed
subspaces of (P,L) Zsomorphic to D4’1(K) and D5,5(K), respectively,
such that any pair x,y € P with d(x,y) = 2 is contained in a unique
member $(x,y) of S and such that any triple x,y,z € P with d(x,y) = 2,
d(y,z) = 1 and {x,y,z}l a maximal clique in {x,y}f 18 contained in a
unique member D(x,y,z) of D. Moreover, for any x € P, the incidence
system (LX,LX(VX)) 18 isomorphic to AS 2(K).

b

~

v) k=4, s=5, and there is a field K such that (P,L) = E6 ](K).

) k=5, s=6, and there is a field K such that (P,L) = E7 1(K).

rt of the above theorem has also been announced by Professor Shult.
acial cases of Theorem 1 provide characterizations of Lie incidence sys-

ns of type D5 5 and D6 6> See Theorem 4 below. The only Lie incidence sys-
H 3

ns satisfying (iii) of Theorem 1 are those of type Dn 0’ However, letting
3
R, there are quotients Dn n(EO/ <o> of Dn n(ﬁU (for n even, 210) by in-
9 b
lutory automorphisms o induced by 'polarities' of Witt-index at most n-10

the orthogenal 2n-dimensional linear space in which Dn (R) cah be embed-




ded (commuting with the defining polarity), that also satisfy (iii) but are not

>f Lie type. Cooperstein [[10], has given additional 'global' axioms so as to pro-

vide a.characterization of Lie incidence systems of type D_n n“'It would be of in-
b

terest to know whether any incidence system satisfying the axioms of the

above theorem with k=3 is a quotient of a Lie incidence system of type Dn,ne

THEOREM 2. Let k> 3 and suppose (P,L) is a parapolar space of finite singu-—
lar rank s. Then (P,L) satisfies (F3)k and (F&4) <f and only <f there exists
2 field K such that one of the following statements holds:

(i) k=s and (P,L) Zs a nondegenerate polar space of rank k+ 1 with thick
lines.

(ii) k=3, s=4, and (P,L) = DS,S(K) or E6,4(K)'

(iii) k=4, s=5,6, and (P,L) = E 1(K) or E, 7(K).

(iv) k=6, s=7, and (P,L) = E (K).

8,1

The Lie incidence systems F4 ](K), E7 7(K) and E8 l(K) for a field K can all
H ? 5

be identified with the natural geometries whose points are the root sub-

groups (corresponding to roots of a single length) of the underlying

Chevalley group. In [6] Lie incidence systems of type F are characterized

4,1
as parapolar spaces (P,L) in which (F3) and (F4) hold and in which there are

. . . . . . . L
no minimal 5-circuits (i.e., if X%, 5Xq,X,,X5 € P with X, € Xi\ {Xi} for

Lnx
1

+1

i=1,2,3,4,5, indices taken modulo 5, then x #@). In the Lie in-

i+2%1{+3

E 1 minimal 5-circuits do exist (see
b

cidence systems of type E6,4’ E7,7, 8

L71).
2. PRELIMINARY RESULTS

2.1. Let us first review the theory of parapolar spaces. See [2]1, [6], [9]

for proofs and details.

PROPOSITION 1. Let (P,L) be a parapolar space. Then

(ij L= {{x,y}ll|x e Pand y € x"\x}. In particular, (P,L) Zs a linear in-

ctdence system and completely determined by its collinearity graph.

(ii) For any x,y € P with d(x,y) = 2 and |{x,y}*| > 1, set
S(x,y) = {z € P|zl nL# @ forany L € L(xlnyl)}. Then 3(x,y) 18 a




geodesically closed subspace isomorphic to a nondegenerate polar space,
In particular, 2t n S(x,y) s a singular (posibly empty) subspace for
any z € P\S(x,y).Moreover, S(x,y) = <{x,y}U{X,y}l>.

lii) If {x,y}l 18 a polar space of rank k, then S(x,y) has rank k+1 (as a
polar space).

.v) Each singular subspace of rank at most 2 is contained in S(x,y) for

suttable x,y € P. Hence it is empty, a point, a line or a projective

plane,

1) If M is a maximal singular subspace, then M is aq projective space and
contains a line properly.

'te that for any x,y € P as in (ii) and any Xy, € S(x,y) with x ¢ y?, we
we S(x,y) = S(x,y]) as a result of (ii). The family of S(x,y) obtained as
. (ii) for a parapolar space (P,L) will be denoted by S. Its members are
1led symplecta. The family of singular subspaces of rank i will be denoted

' V(l). Thus V(O) is the collection of singletons of P (often sloppily re-

V(]) = L, Instead of V(Z) we shall also write V.,

s members are called planes. Finally, let M stand for the collection of

rred to as 'point'), and

ximal singular subspacesof (P,L) and put M(i) =Mn V(i).

e residue (of a parapolar space (P,L)) at point x of P is the incidence
stem P¥ = (LX,LX(VX)). If A is an incidence system isomorphic to the resi-
e of (P,L) at x, then (P,L) is said to be locally A at x. 1If (P,L) is lo=
11y A at every x of P, then we say that (P,L) is Zocally A. Moreover if A
‘a collection of incidence systems, (P,L) is called locally A if for each
int x of P there is a member A of A such that (P4L) is locally A at x, Thus
ocally polar' for (P,L) means that (P,L) is locally A where A stands for

e collection of spaces.

2. The following lemma provides a means to recognize polar spaces locally

)ng parapolar spaces. A first version is to be found in Cooperstein [9],

MA 2. Let (P,L) be a parapolar space such that the residue at any point

connected, Then for each x ¢ P the following statements are equivalent.
) (p,L) ©s a polar space.,
) (P,L) Zs locally polar.

i) (P,L) Zs locally polar &t x.




11

There is exactly one symplecton on x.

_ Obviously, (i) implies (ii) and (ii) implies (iii).

se (1ii) holds. By (iv) of Proposition 1, thereis a symplecton S on x.
'€ S\x". Then S = S(x,y), and d(x,y) = 2. We shall prove that x" is
1ed in S, thus establishing (iv). Thus let z ¢ x \{x}. Since {x,y}l -
iondegenerate polar space of rank at least 2, there is a minimal 4-cir-
LsUysUssl, (i.e. ui#ui and u, e u,® \uii2 for all i, indices modulo

+1 1 1+1
points contained in {x,y} . Write V. = <x,u,,u . Then L(Vi) is a

>
i’ i+l
n the residue of x, so there is Ni € Lx(vi) with L E-Ni by (iii).

V. is a projective plane, there is v. ¢ V. with {v.} = N. n x.x. ..
1 1 1 1 1 1 1+1
iults that z G{VI’VZ’V3’V4}' But {VI’VZ’VB’V4} is not a clique, so by

L

f Proposition 1, we get z ¢ S, Hence x~ ¢ S, as wanted.

.y, we show that (iv) implies (i). Assume (iv) holds and let S be the

» symplecton on x, We first claim that x" is contained in S. For sup-
‘here is z ¢ xl\S. Then by connectedness of the residue at. x, there is
. of finite length from z to a point u of x"n S\ {x}. Reasoning by in-
m, we may assume that z is actually collinear with u. Since 2 nS is a
.ar subspace of S, there exists y ¢ u’ n S\zl. Now x and u are distinct
i of {y,z}l, so that S(y,z) is well defined. Moreover, it is a symplec-
mtaining x and hence S(y,z) = S. This yields z ¢ S, proving the claim,
lext, let y € x"\{x}. Then y € S as we have just seen. We claim that S
: only symplecton on y. Let L be a line on y. We shall establish by
:ion on the distance of xy to L within pY = (Ly’Ly (Vy)) that S is the
iymplecton on L. In view of the connectedness' of the residue at Vs
wuffices for the proof of the claim.

f L = xy, the claim is clearly true. Suppose L# xy and let

ceesX in yl\{y} be such that Xy (=xy), xly,...,xsy(=L) is a minimal
n the residue at y from xu to L, Then s> 1, Assume T is a symplecton
listinct from S. If i<s, then X, € S\T by induction. Put u = x
hat rk (u'nT) > 1 as LS u" n T. If rk (u'nT)=1, take

. L 1 .
e(ulnT)i n T with z, ¢ Zy e Then u” n T _C_{u,zi}'L for each i, so

s-1°

) exists and S = S(u,zi) by induction. It follows that z; € S and
z.,2,) = S.

1 2 1 L 1 . L 1
e rk (u'nT) = 2. Let z € T\u~. Then {z,u}” contains z A (u'nT), a sub-




\ace of ut n T of rank at least 1, since T is a polar space. Therefore

€ S(u,z) = S, proving T\ul c S. Since clearly o € S, we obtain T ¢ S
lence T = S, This ends the proof of the claim. The connectedness of (p,L)
w yields that for any y € P the subspace S is the only symplecton on y.

us P = S and (P,L) is a polar space, whence (i). [

3. A bouquet of (para-) polar spaces in an incidence system (P,L) contain-
& a point x such that P\{x} has more than one connected component and such
at the union of any such component with {x} forms a subspace which is a
ara-) polar space. The requirement that the residue at each point is con-
cted is necessary in the preceding lemma as a bouquet of polar spaces is a
rapolar space satisfying (iv) for all but one point, but not (i).

uquets of parapolar spaces do not satisfy axioms (P3), (F4) given in the
troduction. This explains why these bouquets do not appear in Theorems |

d 2, There is a useful reformulation of axioms (P4) and (F4) in terms of

mplecta. Let J be a subset of {-1,0,1} and consider the following axiom

r a parapolar space (P,L).

4)J For any symplecton S and point x of P\S, the rank of the singular

bspace X n S is either a member of J or the singular rank of S.

Now (F4){_]’1} is equivalent to (F4), whereas (Fé){_l’o} is equivalent
(P4), so that we have indeed obtained reformulations of (P4) and (F4).
e usefulness of these axioms is their behaviour under taking residues.
is is explained in the lemma below. First, however, we introduce some more
tation., If (P,L) is a Gamma space, x € P and X a subspace of P containing
denote by x* the subspace LX(X) of P¥ (c£.[9]). Note that this is consis—
nt with the notation for P* for X = P, If F is a family of subspaces of

denote by FX the family LX(FX) = {FX[FeFX} of subspaces of P¥,

ma 3. Let (P,L) be a parapolar space of singular rank s. As usual, let
S respectively stand for the collection of maximal stngular subspaces and

2 collection of symplecta in (P,L). Then the following holds for any x € P.

)  M* is the collection of maximal singular subspaces of PX. If M ¢ M
18 isomorphic to A 1(K) for some n € W, and some field K, then M*
3

18 isomorphic to A ](K). In particular, P* has singular rank s-1.
3 .
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If (P,L) satisfies (F3)I for 1 = {keIN|k>3}, and P* is comnected, then
P* 4s a parapolar space satisfying (P3) whose collection of symplecta

is S* (which is in bijective correspondence with S;).

If (P,L) satisfies (P4) and (P3)k for some k > 3, and x € P, then P*
satisfies (F4){_1} and (®3), and has diameter 2.

If (P,L) satisfies (F&) and (F3)k for some k > 3, and x € P, then P*
satisfies (F4){O} and has diameter 3 or 2 depending on whether there
exist S e S _andy e x\S with rk(y'nS) = 1 or not.

. Since the proof of most statements is straightforward, we shall only
(ii). So let I be as in (ii) and assume P* is connected. As (Fl)

.y holds, we proceed to prove (F2). Let L],L2 € Lx with L1 < LZ' We

. 1
:0 show the existence of L3,L4 € Lx with L3 ¢ L4 and Li c Lj for all
2 and j = 3,4, Since <L]UL2> is a singular subspace of (P,L) of rank

it 2, Proposition 1 (iv) yields the existence of a symplecton,

containing both Ll and L2, hence x. By familiar properties of nonde-

1

. . 1
[
ite polar spaces, there exist L L4 € LX(S) with L3 ¢ L4 and Li < Lj

3’
14i=1,2and j = 3,4, This establishes (F2) for P*. Next suppose
€ L have distance 2 in P* . Then there is L « L with L &€ Li n L;.

€ L \{x} for i = 1,2, Now {zl,z }* contains L, SO Z,,z

1929 is a sym-

1
.c pair of P,
1 1

_ denote collinearity in P*. Now L]X n LzX = LX(LTnL;)

. 1
:sidue at x of the the nondegenerate polar space z, Nz,

L 1, . o
‘ore, LlX n LZX is a nondegenerate polar space of rank 22, This proves

1l 1 .
LX(z]nzz) is

of rank =3,

‘or P*. Since P* is connected by assumption and lines of PX have the
:ardinality as the members of L, we conclude that P> is a parapolar
satisfying (P3).

.y, we assert that the subspace S(L],Lz) of P¥ (spanned by LI’LZ and
X) is the residue of the symplecton S(ZI’ZZ)' Clearly, since S(z],zz)=

,zz}u{zl,zz}l>, the residue of S(ZI’ZZ) contains S(LI’LZ)' On the
1 .
hand, let L3€ Lx(s(zl’ZZ))' Then there are 2352, € S(zl,zz) n x with
= zl n zl due
3773 4
: structure of the nondegenerate polar space S(z], 2) of rank 24, Thus

L 1
4 € LlX n L2X < S(L ,L ) and xz ¢’xz4) X

:Z, and z, € zé for all i = 1,2 and j = 3,4 such that L

) Xn(xz4) tx whilst X2 4, %2




+—

t follows from the geodesic closure of S(LI’LZ) that L is a member of

3
(L]’LZ)' This proves the assertion.

. . X . . .. .
1e conclusion is that the map Sx > 87 given by S » 8% is a bijection from

1e set of symplecta on x onto the set of symplecta in P*, This proves (ii).

O

4. The following lemma is of similar use as Lemma 2 for local recognition

f the incidence system.

IMMA 4. Let (P,L) be a parapolar space satisfying (P3). Suppose X is d geo-
2stcally closed subspace of P. If x € P with x= < X, then X = P

00F. Let y € P. We show that y € X by induction on d(x,y).

?d(x,y) < 1, then clearly y ¢ X. Suppose d(x,y) > 1. Then there is a point
of X'L such that d(x,z) = d(x,y)-1. Thanks to induction, it suffices to

ow z S X. Suppose u € zl. Then d(x,u) < 2, If u e xl, then u € X as we
ive seen before. If d(x,u) = 2, then due to (P3) we can find v,w ¢ x= n ut

.th v ¢ wl. Now u € S(u,x) = S(v,w) € X since X is geodesically closed,

11s yields 2t € X as wanted., [

5. The following lemma shows that under suitable assumptions on the parapo—

\r space is question, there is a unique (skew) field K such that all singu-

\r subspaces are projective spaces over K.

MMA 5. Let k 2 3. Suppose (P,L) is a parapolar space of finite singular
mk s satisfying either (P3)k and (P4), or (F3)k and (F4). If (P,L) is not
polar space, then the following statements hold.

) The relation = on M defined by M, = M, for MM, € M Zf and only if
rk(M]an) = k-2 turns (M,x) into a graph having at most two comnected

components, Moreover M, &M, implies that M, and M, are isomorphic
subspaces.

i) There exists a field K and a number t > k such that any M e M Zs Zso-

morphic to PG(m,k) for some m e{s,t} and such that any symplecton is

zsomorphic to Dk+],l(K)‘

ii) If k=3 thzn there is a field K such that (P,L) Zs either locally
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AS 2(K) or locally A5 3(K) aceording as (P4) holds or not.
3 H

3

. We use induction on k.
Let N be a singular subspace of P of rank k-1. We first show that any
M e M is connected within (M,x) to a member of MN' Thanks to connecti-
vity of (P,L) it suffices to show this holds for M e M with M n N # @
Suppose, therefore, x ¢ M n N and consider M*. Due to Lemma 3, M is a
maximal singular subspace of the parapolar space P for which (P3)

and (F4){O} holds.

k-1

If k=2, then P* is a Lie incidence system of type A5 3 OT A.n 2 or a
quotient of such an incidence system by [8], so M: is’connect;d within
P* to a maximal singular subspace of p* containing N*.

If k=3, it follows, again from [8], that the graph on M* in which
MT,M; are connected if and only if %k(M?nMg) = 0 has at most two con-
nected components and that adjacent members are isomorphic. In view

of the first statement, this yields that (M,x) has at most two con-
nected components. Also, it is immediate from thickness of lines that
Ml P~ M2 for MI,M2 € M implies that M, is isomorphic to M2.
For k> 3, the same statements for the residue follow from induction,
while the transition from the residue to (M,=) is. identical. This ends

the proof of (i).

Let x € P, If k=3, then there is a skew field K and a number t> 3

n

such that any M ¢ Mx satisfies M° PG(m,K) for some m e{s-1,t-1}, and

n

such that any S € Ss satisfies S* A3 2(K). According to Lemma 3,
3

e

this yields M = PG(m+1,K) and S = D4’1(K), as D4’1(K) is the only non-
degenerate polar space with thick lines containing a point at which
the residue is isomorphic to A3’2(K). Moreover, this implies (cf. Tits
[12], 6.12) that K is a field.

Now let M, € M and S, € S, and take y € S,.
M, = PG(m,k) for some m €{s,t}. Thus members of M are defined over K.

According to (i) we have

Furthermore, reasoning for y as for x above, we obtain a field Kl’
such that S Dk+],1(K1)' But the maximal singular subspaces of S are
subspaces of members of M, hence defined over K. The conclusion is
that K1 coincides with K,

For k > 3, the induction hypothesis yields a field K and a number




> k such that any M ¢ MX and S ¢ Sx satisfy MT = PG(m-1,K) and

X Dk ](K) for some m e{s-1,t-1}, Now statement (ii) follows as for
b

t
S
k=3,
iii) Let k=3, and pick x ¢ P. According to Lemma 3, P* is a parapolar
space satisfying (P3)2 and either (F4){_]} of (F4){0}. But the latter
two axioms are easily seen to be equivalent to (Q4) and (R4) of [8]
respectively. Therefore by the applications of [8] and Lemma 3, there
is a skew field K such that either s> 4 and P> & As,Z(K) or s=3 and
pr = A5’3(K). Due to (ii) and the fact that for each value of § the
residue on x is uniquely determined up to isomorphism, we obtain that
K is a field and that (P,L) is locally As,Z(K) or locally A5’3(K).
This finishes the proof of the lemma. g

i

6. The part of Theorem 1 concerning An,d(K) has been dealt with in [8],
10]. The idea of the proof of Theorem 1 is to establish by induction on k
wat (P,L) is locally isomorphic to, and use these local data to recover all
ibspaces of P that will occur as verties of the geometry (of type the pre-
1iling Coxeter diagram) to be associated to (P,L). In order to conclude

1at this geometry is a building we shall make use of the following result

I Tits ([13], Proposition 9),

:t T be a geometry of type A Dn (n=4), En (n=6,7,8) and consider the

n
i< n-1,

yllowing assertions for 2 <

L) If Y2,Y£ € T, are both incident to Yl’Yi €T, and Y, # Y;, then

= 1
Y2 =Y
H)  If Yo € Ty and v _ ¢ ', are both incident to two distinct vertices of
Tl’ then Yy * Yn'
[H) If two distinct vertices of Fn are both incident to two distinct ver-
. t . 1
ties YisYq € FI’ then there is Y, € FZ such that Y, * Y, and Y, * Y.
v . "=
i)i If YioYs € Fi have the same shadow on F] (i.e., ShICYI) SthYi)),
then Y. =7Y!,
i i
[EOREM 3 (Tits). Let T be a geometry of type A .

) Jf‘An =D, then T 7s a building if and only <f it satisfies (O)i for
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i=2,3,.0., n=2 and (LL).

If A = Eg, then T is a building if and only if it satisfies (0)i for
i=2,3 and (LL).

IfA = E_s then T is a building if and only if it satisfies (0)i for

n
i = 2,3,4, (LL) and (LH).

If A
i=2,3,4,5, (LL), (LH) and (HH).

= Eg, then T 18 a building i1f and only if it satisfies (0)i for

=]

OPERTIES OF SOME LIE INCIDENCE SYSTEMS

As most of the properties given are easily checked, we shall virtually

no proofs.

The next proposition deals with the ‘only if' part of Theorem 1 and 2.

n+l
2 L]
If K 28 a skew. fietds then A i(K) 18 a parapolar space of diameter i

b

and of singular rank n-i+l, satisfying (P3)2 and (F4). Axiom (F&){_l}
holds for A.n i(K) if and only if i = 2;vand axiom (Fa){o} holds zf

3

and only <f (n,i) = (5,3),(4,2).

SITION 2. (i) Let n =2 &4 and let 2 < i <

Assume n = 5 and let K be a field. Then D n(K) 18 a parapolar space
of diameter [%] and of singular rank n—-1 satisfying (P3)3 and (F4).
Axiom (F4)¢kmldb ©f and only Zif n = 5, and.axiom (Fé){_]}'holds f

and only Zf n = 5 or 6.

Let K be a field. E6,](K)’ E6,4(K)’ E7’](K), E7’7(K), E8,1(K) are pa-

rapolar spaces having the properties indicated in the table below.

. (i) and (ii) are easily established by use of the "classical model"
he associated buildings (compare [10]). (iii) can be proved by means
reduction (using the B,N-pair) to the analogous statement for the cor-

nding Weyl group in which case the verification is straightforward.
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TABLE 2

A . axioms diameter | singular | isomorphism type of

o1 rank Symplecta
E6,1(K) (P3)4, (F4){_1} 2 5 DS,I(K)
E6,4(K) (F3)3, (F4) 3 4 Dé,](K)
E7’1(K) (P3)5, (F4){0} 3 6 D6,1(K)
E7’7(K) (F3)4, (F4) 3 6 D5,1(K),
E8,1(K) (F3)6, (F4) 3 7 D7’1(K)

«2. PROPERTIES OF SOME GRASSMANNIANS |

ROPOSITION 3. Let (P,L) = AS 2(K) for some s > 4 and some skew field K.
H

hen
i) Diameter (P,L) = 2,
ii) (P,L) satisfies (P3)2 and (F4){_]}.

iii) (F4)¢ holds for (P,L) ©f and only if s = 4, and (F4){_]} holds ©f and
only i1f s < 5,

iv) IfS,Te S and S # T, then rk(SnT) = -1,0,2, Moreover, if rk(SnT) = 2,

then <SUT> Zs a geodesically closed subspace isomorphic to A, 5 (K).
. H

v)  We have rk(SnT) = 0,2 for all S,T € Swith S # T if and only 1f

n < 5,

i) IfLel, VeVand S],SZ,S3 € SV are such that S; nL (i=1,2,3) are

three distinct points of L, then <S]U82US3> = <S,US,> = A4’2(K).

7ii) If S],SZ,S3 e S satisfy §.n Si e V and §; n Sj # §; n S whenever

{i,j,k} = {1,2,3}, then <S US,UuS > = <§,uS,> = A4’2(K).

riii) If D s a subspace of (P,L) isomorphic to A4 2(K) there 28 no z € P
such that z- n S ¢ V(z) for all S € S(D).

OPOSITION 4, Let (P,L) = A4 2(K) for some skew field K. Then
H)
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If S,T € Swith S # T, then rk(SnT) =

Let V e V and SI’SZ € SV. For any two distinet x,z € V there are dis-

tinct collinear u € N S1 and u, € 1 n S2 such that z € uu,.

For any S € S and x € P\S, we have P = <x,S>,

SITION 5. Let (P,L) = Ay 3(K) for some skew field K. Then
- H

diameter (P,L) = 3.

(P,L) satisfies (P3)2 and (F4){0}.

If S,T € Swith S # T, then rk(SnT) = =1,1,2, If rk(SnT) = 2, then
<SuT> 78 a geodesically closed subspace isomorphic to A, (K) More—-

over, any subspace isomorphic to A, 2(K) can be obtazned in this way.
H

I
If Vel and S],SZ,S3 are three distinct symplecta containing V, then

<S uS US.> = <S. uS.> = A4’2(K).

2°73 1772
Ifvel, a,a, € P and §,58, € S satzsjy a ¢ az, a

€ SZ\SI then for any c ¢ aT

| € S \S and

a n a \(S uS ) we have rk(clnS ) 3 for

2
both i = 1,2,

lf‘S],Sz,S e S satisfy S, n Sj e V and S.rhS’ # S, n S whenever
{i,3,k} = {1,2,3}, then <S US, US> = <SIUSZ> = A4’2(K).
If D, ,D, are distinet subspaces isomorphic to A, 2(K), then either
3
D, nD, e S or D, n D, 18 ‘a singular subspace of rank -1 or 3.
L .
W If SI’SZ e S, S, # s, and x € S, NS, z; € Si\x for each 1 = 1,2
with d(z],zz) = 1, then rk(SlnSZ) = 2,
If Dp.,D,,D, are distinct subspaces isomorphic to A, .(K) such that
1°72°73 (3) (3) 4,2
D, nD,, D, n Dy € M then D, nDye M and rk(D nD nD3)
If D, D 2,D3 are distinct subspaces isomorphic to A (K) such that

D, n D2 N Dye M(B) and D n D, M(B) for i = 1,2, then D n D, M(3)

If D D2 are distinet subspaces isomorphic to A4 2(K) and M € M(D )
(i=1, 2) with rk(D nD ) 3 and rk(M nM ) 0, then there 18 a sub—

space D Zsomo hic to A (K) such that D contains M, u M,,
p rp 4,2 1 2

PROPERTIES OF Dn n(K) FOR n = 5,6,

H




\OPOSITION 6, Let (P,L) = D 5(K) for some field K. Then
3

) diameter (P,L) = 2.

i) (P,L) satisfies (P3)3 and (F4)¢.

ii) §,T € S, s # T = rk(SnT) = -1,3 and <S,T> = P,
Yy M= M(3) U M(4)

1) x e P, M€ M(4), x¢d M= rk(xlnM)

]

-1,2,

1i) x € P, M ¢ M(B), x¢d M= rk(xlnM)

0,2,

iii) M ,M eM(3)=>rk(MnM)=-] 0,1,3
1272 1" -0, 1,3.

X) MI’MZ € M(4) = rk(Mlan) = -1,1,4, |

) M1 € ’M(3), M2 € M(z*) = rk(Mlan) = -1,0,2,

i) If M, M, € M(3) and M, n M, = @, then rk(xlan) = 2 for

ii) If M <s a singular subspace such that M n T # @ for any
T of S, then rk(M) = 4.

iii) If M ,M, € M(4) and M, n M, = @, then rk(xlnM ) = -1,2
1272 1 2 2

Moreover {zeMllzlnM2¢¢} s a singular subspace of rank

OPOSITION 7, Let (P,L) = D6 6(K) for some field K. Then
)  diameter (P,L) = 3,
i) (P,Ll) satisfies (P3)3 and (F4){0}, but (F4)¢ does not h
ii) 8,T € S, S # T = rk(SnT) = -1,1,3,
v) SeS=>S:D4](K).
E
y M= u3 S,

i) Me MO, x ¢ P\M = rk(xtnM)

-1,2.
i) Me M3 x ¢ P\M = rk(x*om) = -1,0,2.
M, e MO o rk(4,1M)) = -1,0,1,3.

(5)
X) MM, e MY = rk@raM,) = -1,1,5,
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M] € M(S), M2 € M(B) ='rk(MlnM2) = -1,0,2.

If $,s8, € S, 5, # S, and x € S, n S

1 z; € Si\xl (i=1,2) such that
d(z],zz) = 1, then rk(Slnsz) =3

2’

e S, S] # 52 with rk(S]nsz) = 3, then <Sl,Sz> = D5 5(K).

b

If S,58,

JOF OF THE MAIN RESULTS

A CHARACTERIZATION OF D5 5(K).
b

6. Let (P,L) be a parapolar space of finite singular rank satisfying

and (FA){_]}. Then one of the following holds

(P,L) Zs a polar space of rank 4.

(P,L) = Dy 5(K) for some field K.

. Let x ¢ P, Then P¥ satisfies (P3)2 and (Fl;)¢ and has finite singular

(cf. Lemma 3). Acccrding to [8], this implies that P* is either a polar

or of type A If P~ is a polar space then (P,L) is a polar space of

4,2°
Y in view of Proposition 1, Therefore, we may assume that (P,L) is lo-

of type A4 9 In particular, by Lemma 5, there is a field K such that
b
al singular subspaces of (P,L) are isomorphic to Am 1(K) = PG(m,K) for
3

,4 and symplecta are isomorphic to D4 1(K).
3

Consider the 5-partite looped graph (I',*) with typemap T : T > I

by I'. = T—l(i) where ' = S, T, = M(3) r.=1»L, T >
y i 9 1 b 2 3 3 S

_ _
, = M, =e,

n which incidence Y; * y. for Y; €15, Yj € Fj is given by Y; < Y; or
Y for {i,j} # {1,4}, {2,4} and by rk(Yian) = |i-j| otherwise. Then
readily verified that T is a geometry of type D

es (LL) and (0)i for i = 2,3.

5° Furthermore, I' sa-

For, (LL) states that two distinct members of M(S) determine at most
ymplecton, a well known fact due to Proposition 1. Furthermore (0)2

(0)3) states that for any two distinct M M2 € M(B) (respectively for

1’
wvo distinct L, ,,L, € L) there exists S ¢ S with Mi €S and M. ¢ S (re-

1272
ively, with L, £ S and Lj ¢ S), where {i,j} = {1,2}. If M, 0 M, # 0
actively LT n L; # @), this clearly follows from consideration of the

1

ize at a point of M 1

n M, (respectively L, n L;). If M, n M2,= @, then

1 1




lere are X, € Mi for i = 1,2 with d(xl,xz) = 2, Thus if T € S contains
u M2 then T = S(x],x2 . Since there is more than one symplecton contain-

1ig M. (by consideration of PXI), there is S ¢ S with M1 €S and M2 ¢ s,

1

‘oving (O)2

As to (0) if Ll n Ll = @ then there is at most one symplecton contain-
3 1 2

\g L1 U L2, whereas there are at least two symplecta containing L., so that

))3 results, !
Application of Theorem 3 yields that T is a weak building of type D5.

it since (P,L) is locally A4’2(K), the building is thick and defined over
i.e. T = DS(K) (cf. [12]1, p.131), It follows that (P,L) = DS,S(K). This

‘oves Lemma 6. O

2. A CHARACTERIZATION OF D (K) AhD D6 6(K)

i

Part cf the following proposition can be found in [10]. For ease of

:ference however the proof given below is self-contained.,

\OPOSITION 8. Let s ¢ N, s 2 4, let K be a field and suppose that (P,L)
t a parapolar space but not a polar space, which is either locally Al 2(K)
s

» Locally A5 3(K). Then there is a collection D of geodesically closed sub-

aces of (P, L) isomorphic to D5 5(K) such that for any pair x,X consisting

A, 2,

~

*a point x € P and a subspace X‘of P uwith x € X S x~ and X*

lere 18 unique member D(X) of D containing X.

00F, Note that in view of Lemma 3 (P,L) satisfies (P3)3 and (P4) if it is
cally AS 2(K) and that (P,L) satisfies (F3)3 and (F4) if it is locally
3

; 3(K). Therefore, Lemma 5 applies. Thus any symplecton is isomorphic to
b
I(K).
e L X

For a point x in P and a subspace X with x € X € x such that X is a
ibspace of P* isomorphic to A4 2(K), we introduce the following subsets of

]

and P respectively

S[X] = {S(y,2z)|y € X \ {x}, z € X \ yl}.
U
DX) = g.orx] S
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‘hat S[X] is well defined as indeed any pair y,z € X with d(y,z) = 2
symplectic pair. We shall establish that D(X) is a geodesically closed
ice of (P,L) with D(X)Z = A4 2(K) for any z € D(X).

3

"irst of all, observe that
x" n D(X) = X,

is geodesically closed, and that for y € X \ {x}:

y' 0 DX) = UlylﬂS(y,Z)= u vtz

zeX\y zeX\y~L

;)¢ holds for X (cf. Proposition 3).

le proceed in three steps.

X) is a subspace of (P,L).

I

.et a be distinct collinear points of D(X), and take

12282

laz\{al,az}. If both a, and a, belong to a symplecton contained in

1
there is nothing to prove. Thus we may, and shall, restrict to the case

a,a, n % = @, Choose Si e S[X] such that a; € Si (i=1,2), and set
N S.,. Then M is a singular subspace of rank 3 on x as any two dis—

lsymplzecta of XX (isomorphic to A4 2(K)) meet in a singular subspace of
)(cf, Proposition 4(i)). ’

)n the other hand ai n Si+l contains the singular space <ai+1,ai n M>
ik 3 (indices taken modulo 2), so that ai nM-= a; n M. Thus

1= a? n M is a singular subspace of bl_r;xl and M € S(b,x). Set

1,X), take y € b' n M and consider PY. Each of the three symplecta

s
int from M in a point. Since pY = Ag 2(K) or A

s¥ of P’ contains the plane M and meets the line <al,a2,y>y of PY
(K) this yields by

s 5,3
sition 3(vi) and 5(iv) that <Sy,S§,Sy> = <S¥,S§> = A4 2(K).
H
{ext, take z e(xy)l n S. Since yz e<Sy,Sz> = A4 2(K), we get from Pro-
)

lon 4(ii) that there are distinct coplanar lines Li € L(Si)y contained

(i=1,2) such that the line Lle of <S¥,S§> contains yz. Thus, we can

u,. Since u. € S. and X is a subspace, we
172 i 1

1 that z € X, Therefore, (xy)* n S £ X. But (xy)l n S contains a sym-

1; € Li\{y} such that z € u

ic pair, whence S ¢ D(X). This yields that b € D(X), proving that D(X)

subspace,

X) is geodesically closed, satisfies _(P3)3 and has diametgf 2,

Let a ,a, be noncollinear points of D(X). We show that a,,a, is a sym—

1°72
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. . 1 1
plectic pair and that a, n a

. 5 is contained in D(X). This clearly suffices

for the proof of (2).

The case where a symplecton S € S[X] contains both a and a, is obvious.

‘Therefore, we assume that there is no such symplecton. Choose Si e S[X] such

that a; € Si (i=1,2) and set M = S1 n SZ' Then, as before, M is a singular

subspace of:rank 3 on x, and a n S +] are singular subspaces contalnlng

1

a; n M for all i (i=1,2; indices modulo 2). But rk(a nM) = 2, so

rk(alnS ) = 3 in view of axiom (P4) or (F4) (whlchever prevails), whence

rk(alnal+1 S.+]) = 2, In particular, a;>a, is a symplectic pair.

It remains to show that a? n a, is contained in D(X). Suppose

c € at n a;. By the assumption that there is no symplecton in S[X] contain-
ing both a, and a,, we have that at least one of ay»ay, say a, is not col-
linear with x. Thus S1 = S(al,x). Of course, we may (and shall) restrict

attention to the case where c ¢ S] n SZ' In particular, we have c ¢ % (for

else c € ai nox ¢ S, which has just been excluded). Now consider ¢t n s,

for i = 1,2, Since rk(a?nalnM) > 1 we derive that rk({c, a],a }lnM) 0 from

2
the polar space axiom applied to ai n aé Take y e{c, 23,53, ' n M. Now va;

is a line of ¢ n (i=1 2). If (P4) holds, this implies rk(c ns. )

But otherwise, Py 5 3(K) so that rk(c ns. ) = 3, too, from Prop031t10n

5(v). Hence xl n c‘L n S1 is a singular subspace of rank 2 for i = 1,2, It
is immediate that c,x is a symplectic pair. Setting S = S(x,c), we have
§ns, 2<,x ncon $;>» so that rk (SnS,) = 3.

If M £ S, then ¢t n Si = <c* n M,ai> and ¢t n M = a; n M (i=1,2) by
Proposition 1(ii) and consideration of ranks, so that at n a; would con-
tain <c,cl n M>, a singular subspace of rank 3, which is absurd. Thus
S n Si # M for each i (i=1,2). Now, consider PY. Since Sy, ST, Sg are three
symplecta, mutually intersecting in distinct planes, we have <s¥ S¥,S§ =
<ST,SZ 4 2(K) by use of Proposition 3(vii) and 5(vi) applied to pY. From
this we can derlve by the same argument as in step (1) that S is contained
in D(X). Hence c¢ € D(X).

This shows that ai n a; is contained in D(X), as wanted.

113

(3) D(X) D 5(K).
b
For u € D(X), set Xu = u'L n D(X). This is a subspace since D(X) is a
subspace (see(l)).

Suppose y € X\{x}. There are distinct S], 52 € S(D(X))Xy wifh
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182) = 3 (by consideration of Xx) Due to Proposition 3(iv) and 5(iii)

:d to Py, the two symplecta ST, SZ of PV generate a subspace of pY
sphic to A4 2( ). On the other hand, they are contained in D(X)y

(X ) = D(X)y is a geodesically closed subspace of Py of singular

3 (recall that maximal singular spaces in D(X) on xy have rank 2 and

1is implies (X )y = A, ., (K) and (X )y = <Sy,Sy . It follows from the
y 4,2 v 1272

sic closure of D(X) that

U

SeS[Xy] S < D(X).

D(Xy) =

n

X o y
(@)% )Y =4, ,®

1 1
(Xy)x =x n D(Xy) cx nDEX =
it (Xy)x = X, and D(X) = D((X )) < D(X ).

D(X) = D(Xy) Since D(X) is connected we obtain that (X ) = D(X)z =
,(K) for all z e D(X)., Thus, D(X) is a parapolar space whlch is locally
). Hence, it satisfies (F4)¢. From the previous lemma, the conclusion

at D(X) = DS,S(K)' 0

iM 4, Let (P,L) be a parapolar space of finite singular rank satisfying
and (F4){_1 0} Then one of the following holds for some field K.

(P,L) Zs a polar space of rank &4,

n

(p,L) DS’S(K)

n

(r,D D6,6(K>'

. Let x € P, In view of Lemma 3, P* satisfies (P3) and (F4){ ]} and
iameter 2. Thus by [8], and finiteness of its s1ngu1ar rank, P* is

r a polar_space or of type As,Z for some s € WN,s =2 3, If P* is a polar
, then (P,L) is a polar space of rank 4 according to Lemma 2. Thus we
ssume that P* is of type An,2 for some n > 4, In light of Lemma 5

is a field K such that S = D4,1(K) for any symplecton S of (P,L) and
that PY & AS 2(K) for any y € P. Applying the above proposition, we

2
n a family D of geodesically closed subspaces of (P,L) isomorphic to




(G2}

S,S(K) such that for any pair x,X of a point x and a subspace X with
€ X ¢ xl and X* 2 A4,2(K) there is a unique member D(X) of D containing X.
2t D e D. If D = P, then (P,L) is of type DS,S’ and assertion (ii) holds.
> therefore remain with the case where D # P and, hence, s > 5., Take
e P\D.
First of all, we claim that (F4)¢ does not hold. For otherwise

:(zlnS) = 3 for each symplecton S ¢ S(D), implying that rk((xy)lnSy) =2
)r each y € D and each symplecton S ¢ S(D)y, which is absurd in view of
= A, o) and pY = Ag o (®) (cf. Proposition 3(viii)). |

Thus, with regard to (F4){O}, there is a point x in D and a symplecton
€ S(D)X such that z' n § = {x}. Note that z© n D is a clique as D is geo-
:sically closed. In view of (Fé){o} applied to z we see that z' nDn T#60
v any T ¢ S(D). By the structure of D(%D5 5(K)) we therefore have
:(zlnD) = 4 (cf. Proposition 6(xiii)). Now’consider p*. For any y € XL\D
Y)l

le singular subspace (x n D¥ of P’ has rank 3. But P* 2 AS 2(K) and
, b

1

A4 2(K), so s = 5. In particular, maximal cliques have rank 3 and 5.
b
We construct a geometry of type D, as follows. Set I', =D, T

6 1 2 =S

, = M(3), F4 =L, FS = M(S), F6 =Pand T = ]<g<6 Fi. Define incidence %

. T by Y; o* Yj for Y; € Fi"Yj € Fj (1£i,j<6) to be symmetrized containment
€., Yigwﬁ or ngwi) whenever {i,j} # {1,5}, {2,5}, {3,5} and

;(Yinwj) = |j-i| otherwise. Then (I',*) is a 6-partite looped graph which is
.sily seen to be a geometry of type D6' Similar to the proof of Lemma 6,

ie axioms (LL) and (0) of Section 2.6 are easily verified. From Theorem 3,

- now follows that I' is a building of type D¢» and in fact (cf. [12]) the

ique thick building D6(K) up to isomorphy, so that (P,L) = D6 6(K). O
5

3. PROOF OF THEOREM 1. Recall that the 'only if' part is dealt with by ~

‘oposition 2,

) Let k 2 2 and suppose (P,L) is a parapolar space of finite singular
rank s. If (P,L) is a polar space, it has rank s+l by Lemma 3., Assume

from now on that (P,L) is not a polar space.
i) If k = 2, then (P,L) is as described in statement (ii) due to [8].

ii) Let k = 3. Then by Lemma 3 and Proposition 8 there is a field K such

that (P,L) is locally AS 2(K), while s = 4, and there is a collection
3 .
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reodesically closed subspaces of (P,L) isomorphic to DS,S(K) such
‘or any pair X,X of a point x of P and a subspace X of P with

< xl and XX 2 A4 2(K). There is a unique member D(X) of D con-
1g X. Let x,y,z e’P with d(x,y) = 2, d(y,z) = 1 and {x,y,z}'L

11 clique in {X,Y}l Then from P’ % (K) and rk(z" nS(x,y)) =3
.lows that S(x,y)y and (yz)y generate a subspace, say Y, of pY
rphlc to A4 2(K). Thus, if X is a subspace of P such that

< y and Xy Y, we have x,y,z € D(X) € D. On the other hand,
:mber of D
of D

{x,y,2}’ must contain X such that D(X) is the unique
3>

. This shows that (iii) holds if k = 3,
{x,y,2}

= 4. Take x ¢ P and consider P* . By Lemma 3 it is a parapolar
of diameter 2 and of finite singular rank satisfying (P3)3 and

-l}’ which is not a polar space. Application of Lemma 6 yields

X = 5 5(K) for some field K. Due to Lemma 5 any maximal singu-

ibspace is isomorphic to either A5 ](K) or A (K) and any sym—
b

m is isomorphic to D5 1(K). Now consider the 6—part1te looped

(r,) onT = Y T, wherer =P, T,=1L,T =V,r4=M(5),

%) 1<i<6 1 > 2 >3
{ and P6 S, in which incidence Y * Yj for Yi € Pi’ Yj € Fj
‘ined by symmetrized containment if {i,j} # {4,5}, {4,6} and by

)Yj) = 2 + |i-j| otherwise. Then T is a geometry of type E

6.
rer, (LL) holds as (P,L) is a linear space, and (O)i for i = 2,3

vially satisfied by the construction of I'. From Theorem 3 we

1 that T is a building of type E6' If readily follows that T is

iick building E6(K), up to isomorphism, so that (P,L) = Eg I(K)’
E 2

Take x € P, According to Lemma 3, P* is a parapolar space of
:er 2 of finite singular rank satisfying (P3)4 and (F4){_1}, but

olar space. Thus by the previous case, there is a field K such that

. (K). Let (I',*) be the 7-partite looped graph onT = Y T.,
6 (3) 6) (5571
r, =F¢, r, = L, Iy = v, r, = v, FS =M, =M F7 =S,

.ch Y; * Yj for Y; € Fi’ Yj € Pj is defined by symmetrlzed con-
mt if {i,j} # {5,6}, {5,7} and by rk(yinyj) = 3 + |i-j| other-
Then I' is a geometry of type E7 (note that symplecta are isomor-
‘0 D6,1(K) and maximal singular subspaces have rank either 5 or 6

ling to Lemma 5). Now (LL) and.(O)i for i.= 2,3,4 are verified ..




similarly to the previous case, while (LH) follows as symplecta are
subspaces. Thus, we derive in the same manner as above, that I = E7(K)

and (P,L) = E7 1(K).

E]

7i) k 2 6, Let k = 6. Reasoning as before, we obtain that the residue of
any point is a parapolar space of finite singular rank satisfying
(P3)5 and (F4){_1} and of diameter 2, but not a polar space. Thus its
residue must be isomorphic to E7’1(K) for some field K, an incidence
system of diameter 3 (cf. Proposition 2). This absurdity shows that
each parapolar space satisfying (P3)k for k = 6 and CF4){_1,0}7

must be a polar space. By induction on k, we obtain the same result

for all k 2 6, This ends the proof of Theorem 1. O

4. PROPOSITION 9. Suppose K is a field and (P,L) is a parapolar space
weh s locally D, 6(K.). Then there is a collection E of geodesically closed
H

bspaces isomorphic to E 1(K) such that for any pair x,X of a point x and
H

subspace X of P with x € X € x' and X = D (K), there s a unique member

5,5
X) of E containing X.

l00F. Since S* = D4 1(K) for any x € P and S ¢ Sx’ we get that any symplec-

- >

m is of type D5 1° Thus (P,L) satisfies (F3)4 and (F4){_1 1} (cf. Proposi-
H 9

on 7). Analogously to the proof of Proposition 8, the following notions

‘e introduced for a point x and a subspace X of P with x € X € x* and

= DS,S(K):

S[x] {S(y,2) | vy e X\{x}, z ¢ X\yl}.

_ U
E(X) = SeS[X] Se

Again, S[X] is well defined as any noncollinear pair of points in
5(K) is symplectic. Clearly, X" n E(X) = X, For any u ¢ E(X), set
= u n EX).
1 1 1 1
Suppose y € X\{x}. Then y~ n 2z~ ¢y~ n E(X) for any z ¢ X\y . On the

?

her hand, if u ¢ yl n S for some S € S[X], then either y € S or y'L nsis

maximal singular subspace of S, In both cases there is z ¢ u™ n S\yl with

1 1
€y n z . We have shown,
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u L 1
1 S(X’Y) = zeX\yJ- X Ny

u
Xy - zeX\y

we proceed in three steps.
\(X) Zs a subspace of (P,L).

et a ,a, be distinct collinear points of E(X), and take

az\{al,az}. If a symplecton from S[X] contains both a, and a,, there
L

1
‘hing to prove. Thus we may, and shall, restrict to the case where

. x* = . Choose 8. € S[X] such that a; € 8, (i=1,2) and set
n Sz. Then M is either z singular subspace of rank 4 on x or M = {x}

isideration of the residue X = DS 5(K) on x (cf. Proposition 6 (iii)).
b

n 32 contains a line L on a

1 1 . . .
, € a;’ n SZ’ so a in view of axiom

1 1 2
1.1} As x, L are both in S,> there is a point z ¢ x" n L. Now
H

N af na, s S] n SZ\{X}, so that M has rank 4. Since a. n Sj is a

. containing a. when {i,j} = {1,2} we have ai ns, ns,
1 1

S
n Sl nsS,=a,nSs, nS, so that + nM= L n M, a si 1 b-
2 1 2 2 1 2 a, = a, s singular su

n
-

(]

a
of rank 3.

et b e aa,. Then ¥~ n b’ contains bt M= aT n M, 8o x,b is a sym—
¢ pair. Set S = S(x,b). Observe that M = <bLnM,x> € S, so that

n S1 n 82' Let Y be a line of at N M. Reasoning as in the proof of
ition 8, we obtain that the residue of S at Y (i.e. the residue of S°
ithin the residue P’ at a point y of Y) is contained in the subspace
. residue at Y generated by the residues of SI’SZ at Y. Continuing in
.alogue of the proof of Proposition 8 (but with Y substituted for y),

ain <x,Y>l nScX, and S ¢ E(X). Thus b € E(X), proving (1).
(X) s geodesically closed, satisfies (P3)4 and has diameter 2.

et a ,a, be points of E(X) with a ¢ aé. We show that a;,a, is a sym-

.c pair and that aT n aé c E(X). This clearly suffices for the proof

. The case where a symplecton from S[X] contains both a, and a, being

s, we may and shall assume that there is no such symplecton.

or i = 1,2, choose §; € S[X] such that a;, € 8, (i=1,2). Since s¥,s¥

1°72
mplecta in x* = D6 6(K), we have either rk(SlnSZ) = 4 or S1 n S2 = {x}
5
roposition 6 (iii)). Note that a ,a, are mnot both in X, for otherwise

.2) would be a symplecton in S[X] containing a ,a,. Without loss of

2




snerality, we have a ¢ xt.
First, suppose rk(SlnSZ) = 4, Then a# n a; n S1 n 82 is a singular sub-

race of aT n a; of rank > 2, It follows that a ,a, is a symplectic pair.

2t c € a# n aé. Note that c' n a? n aé n S1 n 52 contains a line, say, L

since both ¢ and aT n aé n S1 n S2 are in the polar space a? n a;). If

€ S1 U Sz, there is nothing to prove. Assume, therfore, that c ¢ S] u Sz.

1en, in. particular c ¢ x (for else c e at n XT c S(a],x) = Sl)' But

c X n ct so X,c is a symplectic pair. Set S = S(x,c). Taking the residue
: L and using the same arguments as in step (2) of the proof of Proposition

, we obtain that S is contained in E(X), whence ¢ € E(X).
Now, suppose S] n S2 = {x}. If a, X, then a; n SI contains x, and
:nce by axiom (F4){_1 1} 2 line U. Taking w € S1 n Ul\a;, we obtain that
H

»29 is a symplectic pair and S1 n S(W,aZD 2 U. Since both S1 and S(w,az)

ce members of S[X], this yields that Sl n S(w,a,) is a singular subspace

I rank 4, Replacing S2 by S(w,az), we have rk(S]nSZ) = 4 again.
Therefore, it remains to consider the case where a

2

at a,a, is a symplectic pair. Take v, € x= n a? and consider yt n 82 In

5 5(K) and Prop031t10n 6, it follows from y, € Xand S, € S[x]

at rk(yTnS ) = 4, Thus rk(a ny]nS ) 2 3, and in fact equality holds, as

¢ X, We first show

n?

ew of X*

€ y] n s \a In particular, Y52, is a symplectic pair. But ai n S(yl,az)

mtains Y, and hence a line, due to (F4){_1 1} Consequently, we can find
L L 1 L .
€ a; napn S(yl,az) =ajna,nyj. In particular, d(a],az) = 2, The
me argument, but now with indices 1 and 2 interchanged, leads to a point
1

, € af na,n y; for any Yy € xl n aT. Suppose that a 23, is a special

1

iir, i.e., aj na, = {z} for some z € P,

_ L L L L
len z = z, = z2 € S(yl,az) n S(yz,a]) c y1 n Yos SO z € Y1 n Yoo Moreover,
T any y € X 0 aj, we have z € y~ by the above argument for Y, instead of

Obviously this means z ¢ S]. Similarly, we have z ¢ S,, so that

2

€S ns, = {x}, or z = x, which is absurd as x ¢ a n a;. We conclude

1
\at a,,a, is a symplectic pair.

Next let c € aT n a;. If c € S1 u Sz, then ¢ € E(X). Suppose c¢ SIU Sye

't i= 1,2, In view of axiom (F4){_1’]}, we get from a; € cl n Si that

n Si contains a line on a;. Let u, be the unique point on this line col-
near with x. Since $§,nS,= {x} and x ¢ ai, we have u # u,. But

U, € et on X, 80 c,x is a symplectic pair set S = S(x,c). Note that
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u

since ¢ ¢ S, U S,. Now. in the residue P L (K) at u
i 1 4, 2 6 6 2
nct symplecta S and 822 have the point Xu, in commen, whereas

, the two

2,az,c>) is a line of P %2 having points cu2 ind a,u, with distance 2

9 By Proposition 7 this ylelds that rk(S 2 ns. 2) = 3 so that
Si) = 4, Consequently, rk(c nSnSi) = 3, so that rk(c nSi) = 4 according
iom (F4){_] 1} Moreover, x ¢ cl, as ¢ € x= would imply -

H

1

[ na,n xt ¢ S, n S,. Therefore, we have rk(xlnclnsi) = 3, We assert

there are w. € X~ ncton Si (i=1,2) such that v, ¢ wé. For otherwise
c'L n(S]USZ) would be a clique consisting of two disjoint singular sub-
s of rank 3, so that <xlncln(S]USz)> would be a singular subspace of
7, contradicting the fact that the rank of a maximal singular subspace
ther 4 or 6.
Finally, taking w, € x nctn s. (i=1,2) with W, ¢ W;, we obtain that
is a symplectic pair in X, so that c € S(w],wz) € E(X). We conclude
L 1

aj na, ¢ E(X). This establishes (2).

EX) = E6,1(K)

Let y € X\{x} and observe that Xy = yl n E(X) since both y'L and E (X)
ubspaces. We claim that the residue (Xy)y of Xy at y is isomorphic to
K). For, there are distinct S],S2 e S (E(X)) with rk(S ns ) = 4 (re-
that X* < (K)) Since P’ = 6 6(K), the subspace <Sy,S§> of P’ is
desically closed subspace of E(X)? isomorphic to D (K), (cf. Proposi-
6). Since any subspace of D 6(K) isomorphic to D5 5(K) is a maximal
sically closed subspace, thlS yields that either E(X)y = 5 (K) or

= Py. However in the latter case we would have xl ny = xi n yler(X)
n E(X) = X, so that xy would be a point of X* with residue
ely contained in x*. By Lemma 4, this would imply that ¥ = PX, which

surd.

5 5(K) E(X) = X%, On the other hand,

n

So far, we have that E(X)y

(2) we obtain.

U o
B 7 sesrx 3 8 £ B

By an argument completely analogous to the one in step (3) of the proof

oposition 8, the converse inclusion, and hence E(X) = E(Xy) can be
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srived. Since E(X) is connected, it follows that (Xz)z = E(X)z = D5 5(K)
b
or all z € E(X). Thus E(X) is a parapolar space of singular rank 5 which

>

1at E(X) = E6,1(K)' g

3 locally D5 5(K). Hence it satisfies (F4){_1}. From Theorem 1 we conclude
b

5. PROOF OF THEOREM 2. In view of Proposition 2 we need only deal with the

Lf' part.

) If for any x € P the residue P¥ is a polar space, then we are in case
(1) by Proposition 1. Hence we may and shall, assume that the residue
of no point of (P,L) is a polar space. Note that the residue P* of

x € P satisfies (F3)k_1 and (F4){0}.

i) Let k = 3. By Lemma 5 (iii) and Proposition 3 (iii) there is a field
K such that (P,L) is either locally’Aa’z(K) or locally A5,3(K). In the
first case,(F4)L_U_h01ds,so we get from Theorem 1 and Proposition 7
(iii) that (P,L) = DS,S(K) for some field K. Thus we remain with the case’
where(P,L)islocallyAS’éK). There is a collection D of geodesically
closed subspaces isomorphic to DS,S(K) as described in Proposition 6.

Moreover any symplecton is isomorphic to D4 ](K).
9

Let ~ be the relation on D defined by D, ~ D, if and only if
n D2 € M(ﬁ) for Dl’DZ e D. It is our intention to show that the graph
),=) has precisely two connected components. For DI’DZ e D, let dz(Dl’DZ)
mote the distance between D1 and D2 within this graph, and set

={DeD| d(p,,D) < 1},

. T
) If x € P and D,,D, € DX, then either D, e D, or D, nD, e S or

n D2 = {x}.

e

l00F. Recall that D’i‘ % A, ,(K) while i
il Y
: have either DT = D; or D? n D; e(M(4))x U SX or DT n Dz = @ (cf. Proposi-

on 5 (vii))., Since DI’DZ are connected and geodesically closed, so is
n D2. As a symplecton is a maximal geodesically closed subspace of a mem-

:r of D (cf. Proposition 3 (iv)), and a maximal singular subspace is a max-

A5 3(K). Thus in the residue P¥
H]

1al geodesically closed subspace of a symplecton, it follows that if

# D2 we have either D, n D2 € M(a) uS or D1 n D2 = {x}.

1

1) Suppose D,,D,,D , are distinet members of D satisfying D, » D, = D3. Then

3




Llowing three statements are equivalent:

n D, # 0.
n D2 i D3 # 0.
I D3.

rer, 1f these statements hold, then D, nD

"
_ The implication "(c) = (a) being trivia

" " n =
> (b)" and "(b) = (c)". Set Mi Di n Di+1

'(a) = (b)". Suppose that M3 # @ and DI n

~ 1
:ructure of D =D (K) we have rk(x nM. )

5,5
'irst of all, suppose that rk(x nM )»= rk(

L
2 ¢ as D, n D, n D3 B, If x n(MIUMZ)

\M s X nM

2

1
9% 2 5, which conflicts with the s
1

. _ . L
are x, € X n Mi (i=1,2) with X ¢ X, 8O

: closure of D2. But then x € D] n D2 n D3

lMi) < 0 for at least onme i €{1,2}, say i

juppose rk(xlan) = 2, Since {zeMllzlnMZ#ﬁ

follows from Proposition 6, that there is
:(zlan) = 2 (cf. Proposition 6), so there

D3 so X,y is a symplectic pair and z € x

n D, n D3, which is absurd. Thus rk(xlnM
L (i=1,2) with ¥y € yJ_\x'L (refer to Propo
Y, is a symplectic pair as x,y, € D Obs

3°
)y N D3 @. But Yy € y] n S(yz,x), so by

m y, in yl n S(yz,x). Let u be the point

1 1
€ X N y1 n y2 D n D, and y; €u n Mi

3
(u nM ) = 2 for each i = 1,2 (see Proposi

this possibility has been excluded above,

proving that D, n D2 # @ implies D, n D

1 1 2

'(b) = (c)". Assume x € D1 n D2 n D3, and

D’i‘ 2 A, LK), M Mx [ (®) and p* = AS
,

£ A (K) (see Prop031t10n 5(x)) that M

3
oy

ik 3. Thus M3 contains a member of
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€ MulL.

shall only treat

=1,2,3 (indices modu-

'3 f. Fix X € M3 From
1,2,

,2 for each i =
= 2, Note that
a clique then

r rank of DZ' Hence

Xexnxc
1 2 -

radiction. Thus

D2 by ge-

ubspace of M] of rank

L n M] with z+ n M2 £ 0.

y € zt n Mz\xl. Then

]

S(x,y) ¢ D3. Hence

for both i = 1,2. Take

In

. 6 to ensure existence).
hat Y4 ¢ S(yz,x) as
(F4){_],]} there is a

s line collinear to x.
s2). Thus u ¢ D nD
ENON

and use D] n D3

ve the final contradic-
9.
er the residue at x.

we see from the struc-
ingular subspace of P*

icular M3 cannot be a




FEN

ymplecton, and M, € M. This proves D, = D

3 1 3°
It remains to show the last statement of step (2). Suppose that

n D3 # @. Then as we have seen above, D1 n D2 n D3 contains a point. Take

€ D1 n D2 n D3 In the residue at x, we have DX = A (K) and Mf 3 1( )

>r 1 = 1,2,3, This yields (see Proposition S(EQ) that rk((D nD

1

2nD3) ) is

ither 3 or 0. Consequently, rk(DlnDan3) is either 4 or 1, whlch is the de-

ired statement.

3) Let D,,D,,D,4 be distinct members of D with D, n Dy, nDye M. If D e D

22 2
1tisfies D = D, Dx D, then D = Ds.

R00F. Observe that D n D] n D2 # @ in view of (2). But Dl n D2 n D3==Dlr1D2.

1 particular, Dl n D2 D1 n D3 and hence D n D1 n D3 # 0. Now use (2)

zain. |

+) Let D ,D be in the same connected component of (D,x).. Then d%(Dl,D) < 2.

1’
ROOF., Obviously it suffices to show the following. If D. ¢ D for

= 1,2,3,4 such that D1 e~ D2 I~ D3 = D4, then dz(Dl’D4) 2, Thus, let

N H

. . ~ - -~ T T
;€ D for i = 1,2,3,4 satisfy D, » D, = Dy = D,. If Dy e Dy or D, € D,
r1ere is nothing to prove. Thus, by (2), we may assume Dl n D3 = @ and

. 1

) N D4 = @, Since {ZED20D3]Z ﬂDlnDz#ﬁ} and {zeDanBIZ nD3nD4#¢} are singu
ar subspaces of D2 n D3 with rank 3 by Proposition 6, there is a plane V
1 D2 n D3 such that for any point z € V, we have rk(zlnDlnDz) =
rk(zlnD 4) = 2, Letz],zzbe distinct points of V, Then z; n Dl n D2 are

lanes in the singular subspace {zeD,nD lz nD #¢} of rank 3, This yields

1

1at zf n z; n D] n D2 has rank at least 1, so that there is a line

] € L(D]nDz) with Ll c L;, where L2 = 2z,2,. Similary, we can find
. n T L R L .

3 € L(D3nD4) with L3 c L2. Set M2 Ll n L2 and M3 L2 n L3, Then M2 is
1e unique maximal singular subspace in D2 intersecting the two maximal
ingular subspaces D1 n D2 and D2 n D3 in the lines L1 and L2 respectively,
1 particular, M2 < D2. Similarly, M3 c D3.

Take x € L2 and consider the re31due at x. Now D2,D3 are subspaces of
< isomorphic to A4 (K) and (D MX MX are subspaces isomorphic to

3, I(K)’ while M? c D for i = 2 3 and rk(Mng ) 2 0, Due to the structure
£ p¥ 5 3(K), this ylelds the existence of a subspace of p* isomorphic

) A4 2(K) containing MX and MX (cf, Proposition 5 (xi)). Therefore, there
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is a subspace X of P with x ¢ X ¢ xl and X° 2 A4 2(K) such that
H

M2 u M3 ¢ X. But then D = D(X), as defined in Proposition 8, is a member of
D containing M, U Mj. Thus D n D, 2 M, for i=2,3, so that D
also D1 n D2 nbD?2 D1 n M2 2 Ll’ whence D1

D4 ~ D as D3 n D4 nD?2 D4 n M3 2 L2. It follows that D] =z D= D4, so that
¢~(D13D4) < 2. This settles (4).

2 ~ D= D3. But

~ D in view of (2). Similarly,

Fix D,,D, € D with D, nD,e S and let D* for i = 1,2 be the connected com—
ponent of D, in (D,=).

By (2) and (4), we have that DI,DZ are disjoint connected conponents of
D,~).
) 0 =0 oD%

PROOF. Take x € D, n D,, and let D € D. If x € D, then D € o'y 9% follows
from consideration of the residue at x. For x ¢ D, apply induction with res-
pect to d(x,D). Let y € D and z € y'L be such that d(x,z) = d(x,D) - 1. Then,
as in the first step, D is connected within (D,x) to a member, say E, of D
on yz. But by induction, E € Dl U Dz, and therefore D € Dl U 02.

as follows, Put I' = Dl,

We now construct a geometry (I',x) of type E 1

6
= U = = = U = 2

Ty = pepl M(@D), Ty = L, Iy =P Ts = p2 M(D), Te D“. From (5),

it is immediate that M = Fz U FS. Set T' = 1<i<6 Fi and define Y * Yj for

y; € T; and Y5 € Pj by symmetrized containment for {i,j} # {1,6}, {2,6},

{1,5}, {2,5} and as follows for the other cases

(3)
(3)

It is straightforward to verify that T is a geometry of type E6' We
next verify that T is a building of type E6' According to Theorem 3, it suf-
fices to check axioms (LL) and (O)i for 1 = 2,3,

Now, (LL) states that any two maximal singular subspaces contained in
two distinct members of D] coincide. But this is obvious from the definition
of D and (1).




(@)

In order to establish (0)2 and (O)3 it suffices to show, that for any
€ PZ and L € FB’ there exists D ¢ Dl with Mc D and L ¢ D. Let M ¢ F2 and
€ F3. Considering the residue at a point of M n L if Mn L # @, we can
2sily reduce the argument to the case where M n L = @, There is at most one
smber of Dl containing M U L. On the other hand, it is obvious from consi-
:ration of the residue at a point of M, that there is more than one member
£ Dl on M., This leads to D ¢ D] as desired.

Similarly one can show that (O)3 holds for the geometry TI'. We conclude
1at T is a building of type E6' However, (P,L) is locally isomorphic to

3(K), so T' is the thick building E6(K). As a consequence, (P,L) = E6 4(K).
H

.ii) Let k = 4. By Theorem 4, we have for x ¢ P that its residue P~ is
isomorphic -to either DS,S(K) or D6,6(K) for some field K, Due to an
argument involving ‘the wanks of maximal singular subspaces, this
yields the existence of a field K such that (P,L) is either locally

,S(K) or locally D6,6(K)' In the former cése, (P,L) actually satis-
fies (F4){_1}, so that (P,L) = E6,1(K) according to Theorem 1, Thus,

we may assume p¥ = D6 6(K) for all x € P.

Now, maximal singular subspaces are isomorphic to A6 1(K) or A4 ](K),
mplecta are isomorphic to D5 ](K), and by Proposition 9 there is a nonemp-
collection E of geode31ca11y closed subspaces isomorphic to E6 ]( ).
b

us we can construct a geometry (I',*) of type E_ as follows. Put T, = E,

7 1
- _ y(4) —_ (2 (6) _ _ _ v
=8, r3—M , 1’4—(/ » T =M, -L, I, =P. SetT = 1<ij<7 Tj» and de-
ne incidence Y; * Y- for Y; € F., Yj € Fj by symmetrized containment if

,j} # {1,5}, {2,5}, {3 5} and by rk(y ny ) = |j-i| + 1 otherwise. Again
is straightforward to verify that T is a geometry of type E7. We next
eck the axioms (LL), (LH) and (O)i for i = 2,3,4 of Section 2.6..
(LL) states that any two symplecta contained in two distinct members
E must coincide. This is clearly true as symplecta are maximal geodesi-
11y closed of members of E.

As for (0)2, (0)3, (0)4, it suffices to show that for any symplecton
and any plane V there is a member E of E with S c.E-and V ¢ E. But this
llows easily by an argument similar to that for (O) and (O) in (ii).

Finally, (LH) is trivialy satisfied since two members E, E e E proper-

containing a symplecton must coincide (as we have seen before). By Theorem
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is settles that T is a building of type E_. It follows that T is actu-

7.
isomorphic to E7(K), so that (P,L) = E7 7(K).
H

If k = 5, then by Theorem 1, (P,L) is locally E (K), so that in fact

6,1

(P,L) satisfies (F4){_1}. But then (P,L) is of type E by Theorem 1,

7,1
which is absurd since (F4){_1 1} does not hold for such spaces.
H

It follows that k # 5. If k = 6, then again by Theorem 1, for any xe¢ P.
is a field K 'such that P*

n

E7’1(K). Hence; the residue at any point
(K). Thus M = M M(6) and symplecta are isomorphic
- L,1,= v r4=v(3),

i and define inci-

omorphic to E7 1
9
,I(K)' We construct (I',*) as follows., Put T, =P, T

15,00 12
(6) rg = MDD o - u® g serr= Y

7 8 1<i<g T

Yi % Y; for v, € ri"Yj € Fj by containment if {i,j} # {6,7}, {6,8}

gy rk(yinyj) = 4 + |i-j| otherwise. ?hen (T',x) is easily seen to be a

try of type E8. According to Theorem 3 and by thickness, I' is isomorphic

building provided axioms (LL), (LH), (HH).and (O)i hold for

»3,4,5.

Jow, (O)i (i=2,3,4,5) is satisfied by comstruction, (LL) reflects that
is a linear incidence system, (LH) is equivalent to saying that sym—

1 are subspaces, and (HH) holds because of Proposition 1. The conclu-

is that T = ES(K) and that (P,L) = E8 1(K).
H

By Theorem 1, the residue at a point x of P must be a polar space if
k 2 7. Thus (P,L) is a polar space whenever k > 7., This ends the proof

of Theorem 2. O
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